State-Space &
Canonical Forms

ECE 461/661 Controls Systems
Jake Glower - Lecture #13

Please visit Bison Academy for corresponding
lecture notes, homework sets, and solutions




State-Space & Canonical Forms

State-Space:
- Matrix-based way to describe a system
- How Matlab actually stores a system

Standard Form:

sX=AX+BU

Y=CX+ DU

Transfer Function —

v=(Clsl-A)"'B+D)U

%SX
A




MATLAB Commands

- G=ss(A, B, C, D);
« G = tf(num, den)

- G =zpk(z, p, k)

- ss(G)

- tf(G)

- zpk(QG)

input a system in state-space form

input a system in transfer function form

input a system in zeros, poles, gain form

determine A, B, C, D for system G (answer 1s not unique)
determine the transfer function of system G

determine the zeros, poles, and gain of system G




Matrix Algebra

An nxm matrix has n rows and m columns.

Ao . = | @11 812 813
2x3 =
dz21 dg2 a3

Scalar Multiplication:

_| bai1 bai2 bais
oA = [ baz1 bage bazs }

Matrix Addition:

« Matrices with the same dimensions can be added:

A+B:{a11 a2 ais }_{bn b12 b13 :|_|:a11 +b11 a2+ b1z a13+a13}

azq aze a3 b21 b2 bos az1 + b1 aze + boo asz + b




Matrix Multiplication:
« Inner dimensions must match

¢ Axy‘ Byz: sz

b1 b1z
{ daii diz ais } { a11b11 + a12b21 + a13b31 a11b12 + @12b22 + @13b32 }

b21 b22 =
do1 dao2 dos bsi bsa ax1b11 + azobo1 + @osbsztr az1bi12 + az2bop + azzbso

_ [ 2 aixbxi X aixbxe }
2 asxbx1 X asxbxe




Matrix Inverse

A-AT=I={010

a» -ai
A_1 — —§21 3%1 A= di11do2 — di2d22




Placing a System in State-Space Form:
1) Write N equations for the N voltage nodes
11) Solve for the highest derivative for each equation

111) Rewrite in matrix form.

ax

- =X2— X1 +0.3u

dx)
i =X1 1.3)62

y=X2

Lol s % e

Y=[01]{ }+[O]U

X1
X2




To find the transfer function in MATLAB,

A= [-1, 1; 1, -1.3]
B = [0.3; 0]
cC = [0, 1]
D = 0;
G = ss(A, B, C, D);
tf (G)

0.3

s"2 + 2.3 s + 0.3




Example: Find the transfer function from U to X4.
SX1=U—2x1+Xx>
SX2 = X1 —2X7 +Xx3
§X3 = X7 —2X3 + X2

SXq4 = X3 — X4

State-Space

xi| |=21 0 0 | x 1
X2 1 21 0 | x 0
= + U
s 01-=211x!"10
| X4 ] _0 0 1—1__)64_ _0_
.
y=[0001] " |+[0jU
X3
| x4




Input this into MATLAB

A [—2,l,0,0;l,—Z,l,O;O,l,—Z,l;0,0,l,—l];
B = [1;0;0;01;
C = [O/O/O/l];
D = 0;
G = ss(A,B,C,D);
tf (G)
1

s™ + 7 s*3 + 15 ™2 4+ 10 s + 1

zpk (G)

(s+1l) (s+2.347) (s+3.532) (s+0.1206)




Changing the output:
- Average temperature of the bar
« Poles stay the same
« Zeros change

X1
X2
X3
X4

y=|0.250.250.250.25 | +[0]U

C

[0.25,0.25,0.25,0.25];
D .

07

G = ss(A,B,C,D);
zpk (G)

(s+1l) (s+2.347) (s+3.532) (s+0.1206)




Handout: Express the dynamics in state-space form:

A1
S| X2

X1
X2
AL X3
X1
x2 | +1
X3

_I_

U

1/s

10

x3

x1

1/s

sx3

X2




Canonical Forms
* 4th-Order system has 9 constraints

_ (C4S4+C3S3+C2S2+C1S+C0)
S4+b3S3+b2S2+b1S+bo

« State-Space has 25 degrees of freedom
$Xax1 =A4xaXax1 + Ban U
Y=CiuX4x1 +D1x1U

There are an infinite number of ways to express a system 1n state-space
« Some have names (canonical forms)
« Many do not




Controller Canonical Form:
Change the problem to

1
x=( Ju
s*+b3s3+bors?+bs+by

Y= (C3S3 +cast+cys+ co)X

Solve for the highest derivative of X:
S4X =U- b3S3X+ b2S2X+ b1SX+ b()X

Integrate s*X four times to get X:




Create s4X from U and its derivatives

S*X=U—=b35’X+brs2X+bsX+boX

X 1 X 1 X
— o >
S J S
-b3
b2 |(e—
-b1

»|—




Create Y from the derivatives of X:

Y= (C3S3 +cas?+cys+ c0)X

U XHH

Controller Canonical Form

» C3

= C2
= C1

1 [ X" X" X' | 1 | X
s DlaTl s [k %2l s [k L

b3 [
-2 (-
bl
-bQ (=




Controller Canonical Form in State Space
Y:( C3S3+0282+01S+C() )U

s*+b1s3+brs+bs+by

X1 O 1 0 O X1 0
X5 O 0 1 O X» 0
= + U
| x5 0 0 0 1 ||xs|7|o0
Xy | | —bo—bi—-by—bs | X4 | |1
e
Y=[cocl 6263] X2 +[0]U
X3
| X4




Observer Canonical Form:

Y=[0001 |

X1 000 -by || X,
X5 100 -b,
X3 010 -b,
X4 | 001 b3 || X4

+ [0]U

Cco
C1
C2
€3

T
(C(SI—A)‘lB) = BT(sI-ATY"'CT

U

—_

[72)

X4

\




Cascade Form:

Factor the denominator

( azs 3 +ars+ays+ag )

Y =\ G om0 orp) e

Create 4 dummy states

1 1
Xl = (Sﬂ?l) U X2 - <S+P2)X1

1 1
X3 = (S+P3)X2 X4 = (S+P4)X3

The output is then
y= c1X1+cr2 X2+ c3X3+caXy




Cascade Form:

y— (c4+c3(s+p4)+cz(s+p4)(s+p3)+c1(s+p4)(s+p3)(s+pz)> U
o (s4+p1)(s+p2)(s+p3)(s+p4)

X1 —P1 0 0 0 X1 1
P X2 _ 1 —P2 0 0 X2 n 0 U
X3 1 —P3 0 X3 0
X4 ] | O 1 —ps || Xsa] [ O]
_Xl_
X>
Y= +[0]U
|:61C2C3C3:| X5 [0]
X x1
- Yo

o]
o=




Jordan Form:

Use partial fraction expansion

_ Cl C2
Y= ((S"'Pl) + (S+P2

X1 —P1
Jx2|_| o
X3 0
X, ] | 0
Y=[1111 |

C3
) + (S+P3

)+(

C4
Stp4

)Jv

C1
C2
€3

ct

c2

C4

c3

c4

<

T

bbb




Summary

State-space 1s a way to express the dynamics using matrices
- It's how Matlab stores dynamic systems

There are an infinite number of solutions
- Pick your favorite canonical form

If the numerator has 's' terms, you don't have to take derivatives
« Numerator terms show up in the B and/or C matrices

Matlab 1s useful for going from state-space to transfer function form




