


















Runge Kutta Integration:
Sample x(t) every T seconds, 

Use parabola, cubics, etc. to approximate the area

Required memory and data inbetween samples

0 T 2T

Cubic Curve Fit

X(t)

Area = y

T/3 2T/3



Stick with Euler integration

To find the voltage across a capacitor

Compute the current to the capacitor, and

Integrate using Euler integration:

dV = I / C

V = V + dV * dt



Example 1:  1-Stage RC Circuit

Find V1(t) with 

V0(t) = 10u(t) =





0V t < 0

10V t > 0

Solution

Ic = Ia + Ib
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Solve in Matlab

% 1-stage RC Filter

 

V = 0;

V0 = 10;

dt = 0.01;

t = 0;

Y = [];
 

while(t < 1)

   dV  = -5.1*V + 5*V0;

   V = V +  dV*dt;

   t = t + dt;

   Y = [Y ; V];

end

   

t = [1:length(Y)]' * dt;

 

plot(t, Y);
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Solve in CircuitLab

V1 = 10V square wave, 0.1Hz, 0.1 degree phase shift

Run a time-domain simulation for 1 second

Gives the same answer

CircuitLab also solves using numerical integration



Example 2:  3-Stage RC Filter

V0(t) = 10u(t)

C1
dV1

dt
= I1 = 
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Next, determine dV/dt

dV1

dt
= 5V0 − 10.1V1 + 5V2

dV2

dt
= 5V1 − 10.1V2 + 5V3

dV3

dt
= 5V2 − 5.1V3
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In Matlab:
V0 = 10;

V1 = 0;  V2 = 0;  V3 = 0;

dt = 0.01;

t = 0;

Y = [];

 

while(t < 4)

   dV1  = 5*V0 -10.1*V1 + 5*V2;
   dV2  = 5*V1 -10.1*V2 + 5*V3;

   dV3  = 5*V2 -5.1*V3;

   

   V1 = V1 + dV1 * dt;

   V2 = V2 + dV2 * dt;

   V3 = V3 + dV3 * dt;

   

   t = t + dt;

   

   Y = [Y ; [V1, V2, V3] ];

end

   
t = [1:length(Y)]' * dt;
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Case 3:  10-Stage RC Filter:  Heat Equation

               1 < n < 9
dVn

dt
= 5Vn−1 − 10.1Vn + 5Vn+1

dV10

dt
= 5V9 − 5.1V10
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In Matlab, use a for-loop:
% 10-stage RC Filter

 

V0 = 10;

V = zeros(10,1);

dV = 0*V;

dt = 0.01;

t = 0;

Y = [];
 

while(t < 10)

   dV(1)  = 5*V0 -10.1*V(1) + 5*V(2);

   for i=2:9

       dV(i) = 5*V(i-1) - 10.1*V(i) + 5*V(i+1);

   end

   dV(10) = 5*V(9) - 5.1*V(10);

   

   V = V + dV * dt;

   t = t + dt;

   

   N = [0:10];

   plot(N, [V0; V], 'b.-');

   ylim([0,10]);

   pause(0.01);
   



For the first 10 seconds, this program shows the voltages along the circuit



Then, the final voltages vs. time are displayed



Note: This program

Solves a 10-order compled differential equation

V1..V10 represent the voltages on each capacitor as they charge

V1..V10 also are the temperatures along a metal bar as they heat up

Coupled 1st-order differential equtions

Describe RC circuits

Describe heat flow

Are called the heat equation



Eigenvalues and Eigenvectors

The dynamics for the 10-stage RC filter are:

dV1

dt
= V
.

1 = 5V0 − 10.1V1 + 5V2

dV2

dt
= V
.

2 = 5V1 − 10.1V2 + 5V3

.

.

.

dV9

dt
= V
.

9 = 5V8 − 10.1V9 + 5V10

dV10

dt
= V
.

10 = 5V9 − 5.1V10



In matrix form, this can be written as

V
.

= AV + BV0

or
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−10.1 5 0 0 0 0 0 0 0 0
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Matrix A is a 10x10 matrix:

A = zeros(10,10);

for i=1:9

   A(i,i) = -10.1;

   A(i,i+1) = 5;

   A(i+1,i) = 5;

   end

A(10,10) = -5.1;

A = 

  -10.1000    5.0000         0         0         0         0         0         0         0         0

    5.0000  -10.1000    5.0000         0         0         0         0         0         0         0

         0    5.0000  -10.1000    5.0000         0         0         0         0         0         0

         0         0    5.0000  -10.1000    5.0000         0         0         0         0         0

         0         0         0    5.0000  -10.1000    5.0000         0         0         0         0

         0         0         0         0    5.0000  -10.1000    5.0000         0         0         0

         0         0         0         0         0    5.0000  -10.1000    5.0000         0         0

         0         0         0         0         0         0    5.0000  -10.1000    5.0000         0

         0         0         0         0         0         0         0    5.0000  -10.1000    5.0000

         0         0         0         0         0         0         0         0    5.0000   -5.1000



A has 10 eigenvalues and 10 eigenvectors:

[M,V] = eig(A)

M = Eigenvectors:

   -0.1286   -0.2459    0.3412    0.4063    0.4352    0.4255    0.3780    0.2969   -0.1894    0.0650
    0.2459    0.4063   -0.4255   -0.2969   -0.0650    0.1894    0.3780    0.4352   -0.3412    0.1286
   -0.3412   -0.4255    0.1894   -0.1894   -0.4255   -0.3412   -0.0000    0.3412   -0.4255    0.1894
    0.4063    0.2969    0.1894    0.4352    0.1286   -0.3412   -0.3780    0.0650   -0.4255    0.2459
   -0.4352   -0.0650   -0.4255   -0.1286    0.4063    0.1894   -0.3780   -0.2459   -0.3412    0.2969
    0.4255   -0.1894    0.3412   -0.3412   -0.1894    0.4255    0.0000   -0.4255   -0.1894    0.3412
   -0.3780    0.3780   -0.0000    0.3780   -0.3780    0.0000    0.3780   -0.3780   -0.0000    0.3780
    0.2969   -0.4352   -0.3412    0.0650    0.2459   -0.4255    0.3780   -0.1286    0.1894    0.4063
   -0.1894    0.3412    0.4255   -0.4255    0.3412   -0.1894    0.0000    0.1894    0.3412    0.4255
    0.0650   -0.1286   -0.1894    0.2459   -0.2969    0.3412   -0.3780    0.4063    0.4255    0.4352

V = Eigenvalues:

  -19.6557  -18.3624  -16.3349  -13.7534  -10.8473   -7.8748   -5.1000   -2.7695   -1.0903   -0.2117

The eigenvalues tell you how the mode behaves

The eigenvector tells you what behaves that way.



Slow Eigenvector
V0 = 0

V(0) = slow eigenvector

 V(t) = V0 e−0.2117t



Fast Eigenvector
V0 = 0

V(0) = fast eigenvector

 V(t) = V0 e−19.65t

Voltages plotted every 0.05 seconds when the initial condition is the fast eigenvector



Random Initial Condition
All eigenvectors will be excited

The fast ones quickly decay,

Leaving the slow eigenvector




